Abstract: The gauge-invariant operators up to dimension six in the low-energy effective field theory below the electroweak scale are classified. There are 70 Hermitian dimensionfive and 3631 Hermitian dimension-six operators that conserve baryon and lepton number, as well as ∆B = ±∆L = ±1, ∆L = ±2, and ∆L = ±4 operators. The matching onto these operators from the Standard Model Effective Field Theory (SMEFT) up to order 1/Λ 2 is computed at tree level. SMEFT imposes constraints on the coefficients of the low-energy effective theory, which can be checked experimentally to determine whether the electroweak gauge symmetry is broken by a single fundamental scalar doublet as in SMEFT. Our results, when combined with the one-loop anomalous dimensions of the low-energy theory and the one-loop anomalous dimensions of SMEFT, allow one to compute the lowenergy implications of new physics to leading-log accuracy, and combine them consistently with high-energy LHC constraints.
Introduction
Experimental results to date are overwhelmingly consistent with the predictions of the Standard Model (SM) with electroweak gauge symmetry spontaneously broken by a fundamental scalar doublet, and a Higgs boson with a mass ∼ 125 GeV. The absence of new particles at energies up to ∼ 1 TeV allows one to parametrize the effects of new physics at LHC energies by higher-dimension gauge-invariant local operators built out of SM fields. The resulting effective field theory (EFT) is known as the Standard Model Effective Field Theory (SMEFT). The SMEFT Lagrangian contains the usual SM Lagrangian at dimension four, plus a complete set of independent higher-dimension operators.
At dimension five, SMEFT contains a single lepton-number-violating ∆L = 2 operator and its Hermitian conjugate ∆L = −2 operator, each in a single irreducible flavor representation. For three generations of fermions, the irreducible flavor representation has 6 components. The dimension-five operators give rise to dimension-three Majorana mass terms for the left-handed neutrinos in the spontaneously broken theory. Neutrino oscillation experiments require these neutrino masses to be very small, so the suppression scale of the dimension-five operators is necessarily very large. Because the dimension-five operators violate lepton number, the lepton-number violation scale Λ / L that suppresses the dimensionfive operators can be naturally much larger than the scale Λ that suppresses ∆B = ∆L = 0 operators.
The dimension-six operators of SMEFT are classified in Refs. [1, 2] . For three generations of fermions, there are 2499 independent dimension-six operators (151 irreducible flavor representations) that do not violate baryon number and lepton number [3] . These dimension-six operators, which are suppressed by a factor 1/Λ 2 , give the dominant effects of new physics in SMEFT if Λ ≪ Λ / L . Current LHC experiments are sensitive to Λ in the 1 − 1000 TeV range, depending on the operator considered.
In addition to the 2499 dimension-six operators (for three generations of fermions), there are 273 dimension-six ∆B = ∆L = 1 operators (7 irreducible flavor representations), and their Hermitian conjugates [1, 2, [4] [5] [6] [7] . These operators are important because they are the leading operators that permit proton decay in SMEFT. Again, it is natural for both the scales of baryon-number violation and lepton-number violation, Λ / B and Λ / L , to be much larger than Λ, so these operators can be very suppressed in comparison to the dominant 2499 dimension-six operators that do not violate baryon and lepton number. SMEFT operators at dimension seven and eight also have been studied recently, and the number of operators in SMEFT at each mass dimension has been determined [8] [9] [10] [11] [12] . A comprehensive review on SMEFT can be found in Ref. [13] .
Most of the flavor constraints on the renormalizable SM arise from measurements of low-energy flavor-changing processes. These low-energy decays can be computed using an EFT derived from the SM obtained by integrating out the massive electroweak gauge bosons (W ± , Z), the Higgs boson h, and the chiral top quark fermion fields (t L , t R ). The resulting low-energy effective field theory of the SM, which is essentially the Fermi theory of weak interactions, contains four-fermion operators at dimension six that give the leading contributions to flavor-changing charged-current weak decays such as µ → eν µνe or b → ceν e . This low-energy EFT (LEFT) has been extensively applied to flavor physics such as B and K decays and mixing, and it provides some of the most accurate tests of the SM and constraints on new physics beyond the SM (for reviews, see [14, 15] ). The effects of new physics can be studied by introducing local-operator coefficients with values that differ from those obtained by matching to the SM.
The gauge group of LEFT is QCD × QED, and the fermions are the usual quarks and leptons, except that there is no top quark in the theory. In this paper, we construct all the gauge-invariant operators in LEFT up to dimension six. To our knowledge, a complete classification of these LEFT operators has never been given in the literature. There are ∆L = ±2 dimension-three Majorana-neutrino mass terms and ∆L = ±2 dimension-five neutrino dipole operators. Furthermore, there are 70 ∆B = ∆L = 0 dimension-five quark and lepton dipole operators (10 irreducible flavor representations). At dimension six, we find 3631 ∆B = ∆L = 0 operators (191 irreducible flavor representations), of which 1933 are CP -even and 1698 are CP -odd. In addition, there are many dimension-six operators that violate lepton number and baryon number. We give the matching onto these operators at tree level from the SMEFT up to terms of order v 2 /Λ 2 . Such a matching has been presented in [16] for the subset of operators relevant for B-physics. We present here the entire matching equations including flavor-conserving operators.
The EFT framework allows one to search for beyond-the-standard-model (BSM) physics in a model-independent way: instead of testing the predictions of specific new physics models at the LHC or in low-energy experiments and ruling out one model after the other, the EFT approach allows one to obtain experimental constraints on the coefficients of the higher-dimensional operators, or, in the presence of a signal deviating from the SM prediction, to determine non-zero values of (linear combinations of) the operator coefficients. If one is interested in a specific model, one can match the model on the EFT and decide directly if the model is compatible with all experimental constraints.
As is well known, the operator coefficients in the EFT depend on the renormalization scale. In order to avoid the presence of large logarithms, one has to take into account the running and mixing of the operator coefficients from the high scale of BSM physics down to the scale of high-energy collider experiments, and further down to the scale of low-energy precision experiments. The leading effect is obtained from the divergent part of a one-loop calculation. The complete one-loop anomalous-dimension matrix of the dimension-six operators in the SMEFT is computed in Refs. [3, 7, [17] [18] [19] . Some results for parts of the anomalous-dimension matrix, with flavor neglected, also can be found in Refs. [20, 21] . The structure of the renormalization-group mixing is non-trivial and has important implications for the flavor structure of SMEFT. The SMEFT renormalization-group equations (RGE) allow one to compute the running and mixing between the BSM scale down to the electroweak scale.
When going to energies below the electroweak scale, the running and mixing should be calculated in LEFT. In a subsequent publication [22] , we give the complete one-loop anomalous dimension matrix for LEFT up to terms of dimension six. It is well known that especially the QCD contribution to running and mixing below the electroweak scale is an important effect, see e.g. the review [15] . Hence, parts of the RGE relevant for particular processes have been well studied in the literature and are known to higher order [15, 16, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . In the case of b → sγ, the three-loop matching and four-loop anomalous dimensions are known [33] [34] [35] , which is the highest order to which computations have been done. However, the systematic study of the entire RGE that we present in [22] is new. In particular, the RGE include non-linear terms quadratic in the dipole coefficients, as well as modifications to the RGE for the QCD and QED gauge couplings and fermion mass matrices due to higher-dimension operators in LEFT.
Combined with previous results on the SMEFT [3, 7, [17] [18] [19] , the calculation given here and in [22] allows one to compute low-energy consequences of BSM physics in a modelindependent way at leading-log order, i.e. tree-level matching plus one-loop running. It also allows one to combine high-energy constraints from the LHC with low-energy constraints e.g. from hadronic decays in a unified framework. The results can be used in two different ways. If one assumes that BSM physics respects the electroweak symmetry breaking mechanism of the SM, then one can start with SMEFT operators at a high scale, run down to M Z , match onto LEFT, and then run the LEFT operators down to the low-energy scale of the experimental observables, such as µ = m b for B decays. If one instead relaxes the assumption about electroweak symmetry breaking, then one can introduce LEFT operators with arbitrary coefficients at M Z , and run down to low energies. Clearly, starting from the SMEFT imposes constraints on the LEFT coefficients that need not be satisfied in other BSM scenarios, such as Higgs Effective Field Theory (HEFT) [36, 37] . Experimental checks of these constraints test whether electroweak symmetry in the SM is broken by the Higgs mechanism with a fundamental scalar doublet. The dimension-five dipole operators are particularly interesting, because in the SM their coefficients are of order
, where m q is a light quark mass, and hence effectively the same size as one-loop dimension-six coefficients, whereas in SMEFT, they can be of order v/Λ 2 due to matching from the dimension-six dipole operators ψ 2 XH, such as Q dW . In contrast, dimension-five dipole operators in HEFT can be of order 1/Λ [38] . Hence, in this scenario effects that are quadratic in dimension-five LEFT coefficients are parametrically of the same order as effects linear in dimension-six LEFT coefficients. Our results presented here and in [22] include these contributions. The organization of this paper is as follows. In Section 2, we briefly review SMEFT, focusing on the operators up to dimension six. The complete operator basis of SMEFT up to dimension six is listed in Tables 4, 5 , and 6 of Appendix A. We then consider spontaneously broken SMEFT at the electroweak symmetry-breaking scale v and briefly review salient results of prior work relating the parameters of SMEFT to the usual parameters of the spontaneously broken SM. In addition, we discuss modifications of the charged and neutral fermion currents in the spontaneously broken SMEFT. The construction of the matching conditions of LEFT in the spontaneously broken SMEFT depends crucially on these modified weak charged and neutral currents. Section 3 discusses the power counting of LEFT. The expansion of the spontaneously broken SMEFT is in powers of v/Λ, where v ∼ 246 GeV is the vacuum expectation value of the Higgs scalar doublet, which spontaneously breaks the electroweak gauge symmetry down to SU (3) × U (1) Q , and Λ is the scale of new physics. LEFT has a double expansionin addition to the usual p/v expansion of the low-energy weak interactions, it inherits the v/Λ expansion of spontaneously broken SMEFT. Here p ≪ M W,Z is a typical low-energy scale such as m b or m µ . We explain how to power-count terms in LEFT in the presence of two expansion parameters. Section 4 derives the power-counting rule for matching SMEFT onto LEFT at tree level.
In Section 5, we classify all the SU (3) × U (1) Q invariant operators of LEFT up to dimension six. A complete operator basis of LEFT up to dimension six is constructed and presented in Tables 7 and 8 of Appendix B. We determine the tree-level matching conditions in SMEFT for all of the LEFT operators, tabulated in Appendix C. The usual computation of these matching conditions in the renormalizable SM is generalized to include all possible new-physics effects in SMEFT up to dimension-six operators. Since the SMEFT has far fewer dimension-six operators than the LEFT, there are many relations among LEFT coefficients. Predictions of this type have been given recently for B decays in Ref. [39] . The full set of predictions is obtained in this work.
Section 6 presents a number of applications of LEFT to well-known flavor-nonconserving processes, illustrating the advantages of using the LEFT operator basis for the analysis of low-energy flavor observables. Conclusions are given in Sec. 7.
SMEFT
Basic results on the SMEFT in the broken phase, which are needed to compute the matching to the low-energy theory below the electroweak scale, are summarized in this section. Throughout this paper, we use the notation of Ref. [3] .
The SM Lagrangian is
The gauge covariant derivative is
where T A are the SU (3) generators, t I = τ I /2 are the SU (2) generators, and Y = y is the U (1) hypercharge generator. SU (2) indices i, j, k and I, J, K are in the fundamental and adjoint representations, respectively, and SU (3) indices A, B, C are in the adjoint representation. SU (3) indices in the fundamental representation are denoted by the Greek letters α, β, γ. H is defined by
where the SU (2)-invariant tensor ǫ ij is defined by ǫ 12 = 1 and ǫ ij = −ǫ ji , i, j = 1, 2.
Fermion fields q and l are left-handed fields, and u, d, and e are right-handed fields. Note that theta terms have been added to the SM Lagrangian in Eq. (2.1) for completeness: they are needed for a splitting of the gauge terms into holomorphic and anti-holomorphic pieces [40] . The fermion fields have weak-eigenstate indices r = 1, . . . , n g , where n g = 3, and the Yukawa couplings are n g × n g matrices. The SMEFT Lagrangian is the SM Lagrangian (2.1) plus higher-dimension operators. In this paper, we consider operators in SMEFT up to dimension six. The number and quantum numbers of SMEFT operators at dimension five and six are given in Table 1 . An explicit list of the operators in the notation of Ref. [2] is presented in Tables 4, 5, and 6 Table 1 . Number and quantum numbers of operators in SMEFT at dimensions five and six. The first column gives the operator dimension d, and the second column gives the ∆B and ∆L quantum numbers. The third and fourth columns list the number of Hermitian operators in SMEFT for n g = 1 and n g = 3 generations of fermions, split according to their sign under CP .
the notation of Refs. [3, 18, 19] , where p, r, s, t are weak-eigenstate indices, 1 and powers of 1/Λ are included in the coefficients C.
The dimension-five Lagrangian of SMEFT is given by the ∆L = ±2 operators of Table 4 L
where i, j, k, l are SU (2) indices, r, s are weak-eigenstate indices, and C = iγ 2 γ 0 is the charge-conjugation matrix. The coefficients C 5 pr are symmetric in the weak-eigenstate indices and of order 1/Λ. For n g = 3 generations, C 5 has n g (n g + 1)/2 = 6 complex entries. The anomalous dimension for the dimension-five operator was computed in Refs. [41, 42] . On converting to the notation and normalization of Ref. [3, 18, 19] , it is given bẏ
where C 5 and Y ψ , ψ = e, u, d, are matrices in flavor space, and we use the notatioṅ
The dimension-six Lagrangian divides into operators that conserve baryon number and lepton number, listed in Table 5 , and the operators with ∆B = ∆L = ±1 listed in Table 6 . It is worth repeating that the scale Λ of new physics does not have to be the same for the lepton-and baryon-number preserving and violating sectors in the SMEFT.
SMEFT in the Broken Phase
Electroweak symmetry breaking in SMEFT is modified by the presence of dimension-six operators. The scalar field can be written in unitary gauge as
where
in the notation of Ref. [3] . The rescaling of h in Eq. (2.6) is necessary so that h has a conventionally normalized kinetic energy term (see Ref. [3] ), and the vacuum expectation value (VEV) v T in SMEFT is not the same as v in the Lagrangian Eq. (2.1) due to the dimension-six contributions to the Higgs interactions, 8) which contribute to the scalar potential and kinetic energy terms. The fermion mass matrices in the SMEFT are modified by dimension-six operators [3] . The u-quark, d-quark, and e-charged lepton mass matrices are
The Yukawa coupling matrices of the h boson to the fermions L = −h u Y q + . . . also are modified from those of the SM due to the same dimension-six operators [3] . The Yukawa couplings in the spontaneously broken SMEFT are
, e, where Y ψ are the Yukawa couplings in the dimension-four SM Lagrangian, and c H,kin and v T are defined in Eq. (2.7). An important feature of SMEFT is that the dimension-six operators Q ψH generically lead to h boson Yukawa couplings that are no longer simply proportional to the fermion Dirac masses. The left-handed neutrinos also acquire a Majorana mass matrix upon spontaneous symmetry breakdown from the dimension-five Lagrangian L (5) ,
The Higgs boson couples to the neutrinos via
is proportional to the Majorana-neutrino mass matrix when keeping only operators up to dimension six in SMEFT. It is important to note, however, that dimension-seven operators contribute a correction to the above equation at relative order v 2 , which generically results in a Majorana-neutrino Yukawa coupling Y 5 that is not proportional to the Majorana-neutrino mass matrix.
Flavor Indices
The spontaneously broken SMEFT Lagrangian is written in terms of fields q r , l r , u r , d r and e r , where r = 1, . . . , n g = 3 is a generation (weak-eigenstate) index. In this weakeigenstate basis, the fermion mass matrices are not diagonal. Transformation from the weak-eigenstate basis to the mass-eigenstate basis for the fermions in the SM results in quark and lepton mixing matrices appearing in the weak charged currents. Similar effects occur in SMEFT, so care must be taken in switching from the fermion weak eigenstates to the mass eigenstates. One can make flavor transformations on the SMEFT fields that put the charged fermion mass matrices in the form
where V is a unitary mixing matrix, which is the CKM matrix in the SM (but not in SMEFT, see Sec. 2.3). We will assume that these flavor transformations have been performed. Then, the weak-eigenstate index is the same as the mass-eigenstate index for the charged leptons, left-and right-handed u-type quarks, and right-handed d-type quarks. 2 For left-handed d-type quarks, one gets the usual relation between weak and mass eigenstates, 14) where the left-hand side is a weak eigenstate, and the right-hand side is a linear combination of mass eigenstates. It should be clear from the context whether we are referring to weak or mass eigenstates, so we will not distinguish between them by using different symbols d ′ and d. When we go from SMEFT to the low-energy theory, the t quark is integrated out. This procedure can be done by letting the weak-eigenstate index (which is the same as the mass-eigenstate index for u-type quarks) run over r = 1, . . . , n u = 2. For d-type quarks, r = 1, . . . , n d = 3, and one converts between weak-and mass-eigenstate indices for left-handed d-type quarks using Eq. (2.14). For charged leptons, r = 1, . . . , n e = 3, and the weak-eigenstate index is the same as the mass-eigenstate index, whereas for neutrinos, r = 1, . . . , n ν = 3 is always a weak-eigenstate index in this paper. Treating n e and n ν as independent variables allows our results to be used even if there are light sterile neutrinos or right-handed neutrinos, which have the same quantum numbers as SM neutrinos under SU (3) × U (1) Q . Furthermore, by using this notation, we do not have to worry about the mixing matrix V when we compute the low-energy EFT Lagrangian. The diagonalization of the u-and d-quark mass matrices can be done in the low-energy theory, at which point the matrix V enters via Eq. (2.14). However, a word of warning is needed. The CKM matrix V that diagonalizes the mass matrices in Eq. (2.13) is not the same as the mixing matrix K, defined in Sec. 2.3, that enters the W boson coupling to the weak charged quark current in SMEFT because of dimension-six operator contributions. This point is explained in detail in the next subsection.
In LEFT, we can use either weak-eigenstate indices or mass-eigenstate indices for the quarks and leptons. With our convention, the two agree for all fermions except left-handed d-type quarks. A simple example is useful to illustrate how to convert from weak-eigenstate to mass-eigenstate indices in LEFT. Consider the SMEFT term with p = 1, 2, 3 = e, µ, τ ; r = 1, 2, 3 = e, µ, τ ; and s = 1, 2, 3 = d, s, b for both terms. For the sum on t, however, the sum for the first term is over t = 1, 2 = u, c, whereas the sum for the second term is over t = 1, 2, 3 and x = d, s, b, since all three left-handed dtype quarks remain in the low-energy theory. Since we will often wish to focus on specific mass-eigenstate operators, we also use the notation
for the p = 1, r = 2, s = 2, x = b component of the second term in Eq.(2.17), where
Notice that care is required only for left-handed d-quark indices given our conventions.
Gauge-Boson Masses and Couplings
The gauge bosons of the spontaneously broken SMEFT need to be redefined so that the gauge kinetic terms have canonical normalization. Non-canonical normalization arises because dimension-six class-4 Higgs-gauge-boson operators X 2 H 2 , such as H † HW I µν W Iµν , contribute to the gauge kinetic terms in the spontaneously broken theory. In addition, the neutral gauge-boson mass matrix needs to be diagonalized to obtain the gauge-boson mass eigenstates of the spontaneously broken SMEFT. The gauge-field redefinitions that are needed to rewrite the SMEFT Lagrangian in terms of properly normalized gauge-boson mass eigenstates have been given in detail before. We summarize the required equations here.
The gauge-field and -coupling redefinitions needed to yield gauge kinetic energy and mass terms that are properly normalized and diagonal are [3, 43] 
In the above equations, G A µ , W I µ , and B µ and g 3 , g 2 , and g 1 are the gauge fields and coupling constants in the unbroken SMEFT, and G A µ , W I µ , and B µ and g 3 , g 2 , and g 1 are the gauge fields and coupling constants in the spontaneously broken SMEFT. Note that products of gauge couplings and gauge fields g 3 
, and g 1 B µ =ḡ 1 B µ are unchanged by the above redefinitions.
With these redefinitions, the gauge-covariant derivative in the spontaneously broken SMEFT is given in terms of the gauge-boson mass eigenstates by
where Q = T 3 + Y , and the effective couplings e and g Z are given by
In contrast to the SM, the couplings of the massive gauge bosons W ± µ and Z µ to fermions are not completely determined in SMEFT by the gauge-covariant derivative in the fermion kinetic energy terms. There is an additional contribution to fermion couplings arising from the dimension-six ψ 2 H 2 D operators, such as Q (1) Table 5 , which are the product of Higgs currents times fermion currents. The Higgs currents evaluated in unitary gauge using Eq. (2.6) (with c H,kin = 0 to leading order) are
Using Eq. (2.27), the additional contribution of the ψ 2 H 2 D operators to the couplings of the massive weak gauge bosons can be easily evaluated.
The fermion couplings to the massive gauge bosons W ± µ and Z µ in the spontaneously broken SMEFT take the usual form
with the modified weak charged and neutral currents
where [44] .
The couplings Eq. (2.30) are in the weak-eigenstate basis, where the mass matrices have the form Eq. (2.13). Performing a flavor rotation on the left-handed d quarks by V diagonalizes the quark mass matrices. V is a unitary matrix. The W ± couplings in Eq. (2.30) are not unitary, however, because of the dimension-six operator contributions [45] . The effective quark-mixing matrix in the left-handed quark sector is given by
which satisfies
and
Hq ps
Flavor physics experiments at low energies measure coefficients of the dimension-six flavorchanging terms in the Lagrangian, and thus determine matrix elements of K, which is the effective quark-mixing matrix in the low-energy theory. The two matrices V and K are equal in the SM, but differ in SMEFT due to the presence of dimension-six operators in the weak charged currents. V is unitary, but K is not. In SMEFT, flavor-changing neutral currents also can be present at order 1/Λ 2 due to dimension-six operators. Non-unitarity of the effective lepton-mixing matrix was studied previously in the context of neutrino physics in Refs. [46] [47] [48] , which considered the operator
Using the equations of motion converts Eq. (2.34) to the SMEFT operator
which shows that unitarity violation of the effective mixing matrix in the lepton sector also is given by the ψ 2 H 2 D operators in spontaneously broken SMEFT.
Power Counting in LEFT
The SM below the electroweak scale can be described by an EFT with an expansion in powers of the inverse electroweak scale 1/v. The expansion parameter is usually written
The dimensionless small parameter that controls the EFT expansion is p/v or m/v, where p and m are the momenta and masses of particles in the EFT. For example, in meson weak decays, such as K and B decays, the low-energy scales are of order m K and m b . The low-energy theory only contains particles with masses m ≪ v. The gauge bosons remaining in the low-energy theory, the gluons and the photon, are all massless, and there are no massless or massive scalar particles remaining since all components of the single fundamental Higgs scalar doublet are integrated out. The massive particles in the low-energy theory consist of all SM fermions with the exception of the t quark. In the SM, fermions get their mass due to electroweak symmetry breaking, and so have a mass m ∼ yv proportional to v times a Yukawa coupling. By assumption, there is a low-energy EFT below v with dynamical fermions. This assumption means that the light fermions have a mass m ≪ v, so their Yukawa couplings are of order y ∼ m/v ≪ 1, and are parametrically suppressed by the power-counting parameter of the low-energy EFT.
The presence of a low-energy mass in LEFT means that renormalization produces running of the Wilson coefficients of lower-dimensional operators proportional to the coefficients of higher-dimensional ones. For example, a dimension-four term in the Lagrangian can have an anomalous dimension proportional to m 2 times a dimension-six term, m 4 times a dimension-eight term, etc. 3 The dimension-six contribution to a dimension-four term is of order m 2 /v 2 , and is the same order in power counting as a direct dimension-six contribution to a scattering amplitude, which is order m 2 /v 2 or p 2 /v 2 .
In the low-energy theory starting with SMEFT, we have an additional expansion in powers of 1/Λ. This additional expansion can be easily included in the power counting by 
if it arises from a graph with insertions of SMEFT operators of dimension D i . In addition to the double expansion in powers of m/v and v/Λ, the low-energy EFT has a loop expansion in powers of (α, α s )/(4π) since it is weakly coupled. In applications such as low-energy weak interactions, the heaviest mass in the problem is the b-quark mass, so m/v ∼ 1/50. We do not know the scale Λ of the SMEFT expansion. Current experimental data indicate that it is above a few TeV, so that v/Λ 1/5. However, it is possible that Λ is much higher than a few TeV, of the order of the seesaw scale or the GUT scale, in which case v/Λ could be as small as 10 −12 . We already know that Λ / L for the dimension-five ∆L = 2 operator Q 5 and Λ / B for the dimension-six baryon-number violating operators is this large.
In this paper, we compute the tree-level SMEFT contributions to LEFT operators up to dimension-six. These are the leading BSM contributions to the low-energy amplitudes, and experimental constraints on them provide information about BSM physics. The one-loop corrections to these amplitudes in the SMEFT is beyond the scope of this paper. Higher order matching corrections have been computed in the SM (for a review, see Ref. [15] ).
We stress that LEFT is the correct low-energy theory even in the case where the highenergy EFT is not given by SMEFT but by HEFT [36, 37] , which relaxes the assumption that the Higgs particle is part of a fundamental electroweak doublet. In this case, the dimension-five LEFT operators come with a suppression factor of 1/Λ rather than v/Λ 2 as in the case of SMEFT. Therefore, when systematically considering effects up to dimension six in the LEFT power counting one also has to include effects quadratic in the dimensionfive LEFT coefficients. In [22] , we present the complete one-loop RGE up to dimension six in the LEFT power counting.
Integrating out Weak-Scale Particles in SMEFT
In this section, we derive the power counting rules for integrating out a heavy particle in an EFT. We start with a high-energy EFT, which in this paper is the SMEFT, with a power counting scale Λ that suppresses higher-dimension operators. The high-energy theory also contains heavy particles with a mass M of order v ≪ Λ, and we want to construct the low-energy EFT below v in which these heavy particles are integrated out. In the SMEFT, the heavy particles are the W and Z gauge bosons, the t quark, and the Higgs boson h. The light particles are those with masses m parametrically smaller than v, namely the quarks u, d, s, c, b, charged leptons e, µ, τ , the left-handed neutrinos ν e , ν µ , ν τ , the photon, and the gluons.
The power-counting rule in the high-energy EFT is that an arbitrary graph with vertices of operator dimension D i produces an operator with dimension . Now, consider the subset of EFT graphs in which all external particles are light particles with masses and momenta much smaller than v. These graphs include graphs with internal heavy particles depending on heavy masses M ∼ v. By expanding the internal heavy propagators in 1/M ∼ 1/v, one obtains that an operator of dimension D in the low-energy EFT has a coefficient of order
by dimensional analysis. Note that a is non-negative because it is not possible to generate positive powers of Λ as discussed above. For tree graphs, b > 0, but it is possible to obtain b < 0 via heavy mass insertions in loop graphs. For example, a loop graph with two insertions of
Thus, in loop graphs, powers of M in the numerator can cancel powers of v in the denominator. In the SM, M/v is a gauge coupling, a Yukawa coupling, or √ λ, so M/v corrections are comparable to radiative corrections. This result is well-known from the matching calculation for the weak interactions in the SM.
In this paper, we compute tree-level matching when particles of mass M ∼ v are integrated out. Each internal heavy fermion line starts at order 1/M plus terms with additional factors of p/M , and each internal heavy boson line starts at order 1/M 2 plus terms with additional factors of p 2 /M 2 . Additional factors of 1/M in the denominator are compensated by the dimensions of external fields, i.e. a tree graph with heavy internal particle lines generates operators with dimension 
since each internal heavy line removes two heavy fields, and fermions fields have dimension 3/2 and boson fields have dimension 1. For a tree diagram with only heavy internal lines, one also has the relations 6) where V is the number of vertices and I is the number of internal lines. Eq. (4.6), when combined with Eq. (4.5), gives back Eq. (4.4) for tree graphs with only internal heavy lines. For tree graphs, we also have the relations
where F i and B i are the number of heavy fermion and boson fields at each vertex, since there are no external heavy fields in the low-energy EFT, and each internal heavy line removes two fields. Eq. (4.7) combined with Eq. (4.4) gives
w i can take on integral or half-integral values. There must be an even number of halfintegral values of w i since i F i is even. We construct the EFT below v up to dimension six, so we need i w i ≤ 2. Furthermore, since we only compute tree-level matching, every operator vertex must have at least one heavy field, and each graph must have at least two such vertices. Operators with no heavy fields match directly to the low-energy theory, i.e. the operator survives in the low-energy theory. The SMEFT vertices with at least one heavy field and w ≤ 2 are given in Table 2 . The notation is schematic: ψ represents a light fermion, t is the heavy top quark, h is the heavy Higgs boson, A µ is a light gauge boson and A µν is its field-strength tensor, and Z µ is a heavy gauge boson and Z µν is its field-strength tensor. For SMEFT, the light gauge bosons are photons and gluons, and the heavy ones are the W and Z. The smallest weight in Table 2 is w = 1/2 for the ψtA µ vertex. This interaction is a ψ → t interaction due to a photon or gluon, and is not present since QED and QCD gauge couplings are flavor diagonal. The remaining vertices all have w ≥ 1. Since a tree graph has V ≥ 2, and from Table 2 , we see that all vertices have w ≥ 1, we only need to consider graphs with two insertions of the w = 1 vertices
The t 2 A µ vertex is the interaction of the t quark with light gauge bosons. It is not possible to draw a tree-graph without external t quarks using this interaction and other w = 1 vertices in Eq. (4.9), so this interaction can be dropped.
Z µν A µν is kinetic mixing [49] between a heavy and light gauge boson. Such vertices are produced by operators such as
in the SMEFT when H is replaced by its VEV, and it has a coefficient of order v 2 /Λ 2 . Terms of this type are included in rediagonalization of the gauge-boson kinetic energy terms [3] , as discussed in Sec. 2.3. The hψ 2 interactions are the Yukawa couplings of light fermions to the Higgs boson, and the ψ 2 Z µ interactions are the couplings of light fermions to the heavy gauge bosons W and Z. They contribute to the matching via tree graphs with single h, W , or Z exchange.
The fermion mass matrices and Yukawa couplings in the SMEFT are given in Eqs. (2.9) and (2.10) for Dirac fermions and in Eqs. (2.11) and (2.12) for Majorana neutrinos, respectively. Higgs exchange gives four-fermion operators with a coefficient of order Y 2 /m 2 h . From Eq. (2.10), we see that Y 2 has terms of order (m/v) 2 , mv/Λ 2 , and v 4 /Λ 4 , where m is a light-fermion mass. Thus, Higgs exchange contributions, which are 1/v 2 times this, are parametrically of the same order as dimension-eight terms, which we have neglected, and can be dropped. The fact that Y is first order in power counting is a special feature of the SM. If there are additional scalars at the electroweak scale, as in two-Higgs-doublet models, then their Yukawa couplings are in general not related to fermion masses, and tree graphs with the exchange of these scalars must be included in the matching.
The only tree graphs which we need to include are tree-level W and Z exchange, which give dimension-six operators. This result should be familiar from the Fermi theory of weak interactions. In SMEFT, we need to include W and Z vertices including 1/Λ 2 corrections, since these lead to dimension-six interactions with coefficients of order 1/v 2 ×v 2 /Λ 2 = 1/Λ 2 , which are included in our results. The gauge-boson propagator in unitary gauge is
where M is the gauge-boson mass. The k µ k ν /M 2 part of the propagator gives terms of order (m/M ) 2 , which are the same order as Higgs exchange contributions, and can be neglected. This result is not an accident, since the two terms are related by gauge invariance. The propagator denominator can be expanded in powers of k 2 /M 2 , and to dimension six, we only need the first term. In summary, the only contributions we need to keep are those from tree exchange of a single W or Z boson including 1/Λ 2 corrections to the vertices, where the gauge boson propagator can be taken to be g µν /M 2 . These contributions are included in the tables of Appendix C using the gauge couplings in Eq. (2.30). The matching coefficients depend on the product of two gauge couplings, and so have terms of order 1/M 2 , (1/M 2 )(v 2 /Λ 2 ) and (1/M 2 )(v 4 /Λ 4 ), with M ∼ v. The last term, from the product of two dimension-six corrections to the gauge coupling should formally be dropped as it is of higher order in the power counting.
LEFT Operators
The EFT below the electroweak scale consists of QCD and QED, with n u = 2 u-type quarks, n d = 3 d-type quarks, n e = 3 charged leptons and n ν = 3 left-handed neutrino flavors. The operators in LEFT are built out of fermion fields u Lr , u Rr d Lr , d Rr , e Lr , e Rr , and ν Lr , where r is a weak-eigenstate index 4 , the gauge-covariant derivative D µ = ∂ µ + igT A G A µ + ieQA µ , and gauge field strengths: the photon field-strength F µν and the gluon field-strengths G A µν . The QCD and QED Lagrangian is (∆B = ∆L = 1) + h.c. 9 + 9 288 + 288 6 (∆B = −∆L = 1) + h.c. 7 + 7 228 + 228 Table 3 . Number and quantum numbers of operators in LEFT of dimensions three, five, and six. The first column gives the operator dimension d, and the second column gives the ∆B and ∆L quantum numbers. The third and fourth columns list the number of Hermitian operators in LEFT for n g = 1 and n g = 3 generations of fermions, split according to their sign under CP .
which contains QCD gauge interactions of n u = 2 u-type quarks and n d = 3 d-type quarks and QED gauge interactions of the u quarks, d quarks, and n e = 3 charged leptons at dimension four, and Dirac-fermion mass terms for u, d, and e at dimension three. The n ν = 3 left-handed neutrinos are gauge singlets with no mass term. Theta terms for QCD and QED are included as well. The LEFT Lagrangian is the QCD and QED Lagrangian (5.1) plus additional SU (3) × U (1) Q gauge-invariant operators at dimension three and higher dimension d > 4, beginning at d = 5. The number and quantum numbers of operators in LEFT at each dimension can be obtained by counting invariants [10, [50] [51] [52] [53] . In this paper, we consider operators in LEFT up to dimension six. Table 3 gives the number and quantum numbers of LEFT operators at dimension three, five, and six for n g = 1 and n g = 3 generations. A complete and independent LEFT operator basis up to dimension six is constructed and presented in Tables 7 and 8 of Appendix B. Table 7 contains the baryon-and lepton-number-conserving operators of dimension five and six, as well as the dimension-three and dimension-five ∆L = ±2 operators that correspond to Majorana-neutrino mass and dipole operators, respectively. Table 8 contains the dimension-six operators that violate lepton number and/or baryon number. LEFT operators are denoted by O and LEFT operator coefficients are denoted by L to distinguish them from the SMEFT operators Q and coefficients C, since some operators, such as the SMEFT operator Q G and the LEFT operator O G look identical. Appendix C contains more detailed tables, Tables 9-21, listing the LEFT operators in each operator sector, their number for arbitrary numbers of fermion flavors n ν , n e , n u , and n d and for the values n ν = 3, n e = 3, n u = 2, and n d = 3 of the SM, and the tree-level matching conditions from SMEFT including operators up to dimension six. For example, the tree-level matching for the operator O G in Table 12 is simply L G = C G . Appendix C also contains Table 22 , which divides the LEFT operators of Tables 9-21 into CP -even and CP -odd operators. The leading LEFT operators of Table 3 are described below according to operator dimension.
Dimension-Three Operators
The ∆L = 2 + h.c. Majorana-neutrino mass operators given in Table 9 arise at dimension three. The Majorana-neutrino mass matrix M ν is symmetric in weak-eigenstate indices, and the Majorana-neutrino mass term in the LEFT Lagrangian is 
Dimension-Five Operators
All of the dimension-five LEFT operators are dipole operators.
The ∆L = 2 + h.c. Majorana-neutrino dipole operators are given in Table 10 . These operators are antisymmetric in the neutrino weak-eigenstate indices, so there are three ∆L = 2 operators plus their Hermitian conjugates. The tree-level matching to L νγ from SMEFT up to dimension-six contributions vanishes. The first non-vanishing contribution in spontaneously broken SMEFT arises at dimension seven,
. The ∆B = ∆L = 0 dipole operators (LR)X are given in Table 11 . The flavorchanging operators in this table lead to interesting processes such as µ → eγ and b → sγ, as well as magnetic and electric dipole moments. There are 35 (LR)X operators, plus 35 Hermitian conjugate (RL)X operators. Tree-level matching in spontaneously broken SMEFT generates these dimension-five dipole operators at order v/Λ from the dimensionsix class-6 dipole operators ψ 2 XH.
Kobach has shown [11] that in the SMEFT, there are no odd-dimensional SU (3) × SU (2) × U (1) gauge-invariant operators that preserve both baryon and lepton number. LEFT has dimension-five dipole operators which preserve baryon number and lepton number, since the gauge group is now SU (3) × U (1) Q .
Dimension-Six Operators
The dimension-six LEFT operators divide into the baryon-and lepton-number-conserving operators given in Table 7 , and ∆L = ±4, ∆L = ±2, ∆B = ∆L = ±1, and ∆B = −∆L = ±1 operators given in Table 8 .
Since there are numerous ψ 4 operators, it is convenient to further divide the ψ 4 operators into subclasses, according to chirality L and R of the fermion bilinears, as was done in SMEFT [2] , and according to scalar, vector, and tensor Dirac structure S, V , and T . Fierz identities can be used to convert operators between the different subclasses, so the choice of independent LEFT operators is not unique. We have constructed the LEFT operator basis from fermion bilinears in the form (ψΓχ) or (ψ T Γχ) that contain either two lepton or two quark fields, avoiding leptoquark bilinears. In addition, we have eliminated tensor Dirac matrices Γ = σ µν as far as possible from the operator basis. It is a non-trivial exercise to make sure there is no double counting of operators due to the Fierz identities.
1. ∆B = ∆L = 0 operators: These operators preserve baryon and lepton number, and they are the only dimension-six operators that could be present at the TeV scale. The operators divide into X 3 and ψ 4 operators. There are two triple-gluon X 3 operators and 78 four-fermion ψ 4 operators, neglecting flavor.
(a) X 3 : There are two pure gauge operators in Table 12 constructed from three gluon field strengths. These two operators also exist in SMEFT, and the treelevel matching between SMEFT and LEFT is
The only fermion bilinears of the form (LΓL) are left-handed vector currents (Lγ µ L). (LL)(LL) operators are the product of two left-handed currents. Integrating out the W and Z bosons in the SM to get the Fermi theory of weak interactions produces these operators. Four-fermion dimension-six operators in unbroken SMEFT also give a tree-level contribution. Table 13 lists the independent operators in the LEFT operator basis. The operators are divided into purely leptonic, semileptonic, and non-leptonic operators.
(c) (RR)(RR): These operators are products of two right-handed vector currents. They are produced by Z exchange in the SM. Four-fermion dimension-six operators in unbroken SMEFT give a tree-level contribution. There also is a contribution from W exchange in spontaneously broken SMEFT since W couples to the right-handed charged current (u Rp γ µ d Rr ) due to the dimension-six operator Q Hud . Table 14 lists the independent operators in the LEFT operator basis. The operators are divided into purely leptonic, semileptonic, and non-leptonic operators.
(d) (LL)(RR): These operators are products of a left-handed vector current and a right-handed vector current. Table 15 lists the independent operators in the LEFT operator basis. The operators are divided into purely leptonic, semileptonic, and non-leptonic operators. Most operators are produced in the SM from Z exchange. Four-fermion dimension-six operators in unbroken SMEFT give a tree-level contribution in most cases. In addition, W exchange in spontaneously broken SMEFT produces a number of operators due to the coupling of W to right-handed charged quark currents. The operator O V 8,LR uddu and its Hermitian conjugate are not produced in SMEFT at this level.
(e) (LR)(RL) + h.c.: The fermion bilinear (LR) can be either a scalar (LR) or a tensor (Lσ µν R). Only products of scalar fermion bilinears exist in the LEFT operator basis due to the identity (Lσ µν R)(Rσ µν L) = 0. This identity contracts a self-dual tensor with an anti-self-dual one. (Lσ µν R) transforms as (0, 1) under the Lorentz group, and (Rσ µν L) as (1, 0). It is not possible to combine the two tensor bilinears into a Lorentz singlet (0, 0), which is why the (apparently) Lorentz singlet combination (Lσ µν R)(Rσ µν L) vanishes. is not produced in SMEFT at tree level.
(f) (LR)(LR) + h.c.: In this case, both scalar and tensor operators are possible. Table 17 lists the independent operators in the LEFT operator basis. The operators are divided into purely leptonic, semileptonic, and non-leptonic operators. Some of the operators are present in unbroken SMEFT, but seven operators in this category have no SMEFT matching at tree level.
2. ∆L = ±4 operators: These operators are the square of the Majorana-neutrino mass term. Table 18 lists the single ∆L = 4 LEFT operator. The operator transforms as the representation under the neutrino-flavor symmetry group. This operator receives a tree-level contribution in spontaneously broken SMEFT from Higgs and gauge-boson exchange that is not included in the table, since we are dropping such terms, as discussed in Sec. 4. These operators lead e.g. to neutrinoless quadruple β decay [54, 55] .
3. ∆L = ±2 operators: Table 19 Table 20 lists the LEFT operators in this category.
∆B = ∆L = ±1 operators:
Many of the operators receive a tree-level matching from the ∆B = ∆L = ±1 operators in SMEFT. A number of the operators are not produced in SMEFT at tree level.
5. ∆B = −∆L = ±1 operators: Table 21 lists LEFT operators in this category. Operators with these quantum numbers do not exist in SMEFT.
The tables give the tree-level matching coefficients up to order 1/Λ 2 in SMEFT. SMEFT gives non-trivial correlations between the coefficients, as can be seen, for example, by looking at Table 17 . Consequently, one can test whether BSM physics arises via SMEFT, i.e. whether it respects the SM electroweak gauge symmetry breaking SU (3) × SU (2) × U (1) → SU (3) × U (1) Q , by seeing whether the SMEFT correlations are satisfied. As an example, in the case of (LR)(LR) operators, SMEFT predictions are
so low-energy constraints on these operators provide important information on whether electroweak symmetry breaking results from the VEV of a single fundamental scalar doublet as assumed in SMEFT. Many additional examples are provided by operators with vanishing matching coefficients in SMEFT in the tables.
Flavor Physics and B anomalies
In this section, we study the implications of the RGE for several low-energy flavor-changing weak decays. We start with µ decay, which is used to extract the value of G F , and then discuss lepton non-universality in B decays, which has received a lot of attention due to recent results from LHCb. In the following discussion, we assume that deviations in LEFT coefficients from their SM values are small, i.e. they are suppressed by 1/Λ 2 , where Λ is the scale of new physics, and then we restrict to the special case where the LEFT operators arise from matching to the SMEFT, which imposes the restriction that the new physics is invariant under SU (3) × SU (2) × U (1) gauge symmetry. We work to order 1/Λ 2 , since we have neglected operators with dimension greater than six. We do not perform a detailed fit to the experimental results. The aim of this section is to discuss which LEFT coefficients contribute to the decay amplitudes, and their RGE evolution including mixing with other operators. We use results for the RGE of LEFT operators from a subsequent paper [22] . Another important and interesting example not discussed here is flavor-changing µ → e transitions. This application has been studied in detail, including the LEFT renormalization considered here, in recent publications [26] [27] [28] . An analysis of B anomalies within an EFT based on flavor symmetries has been presented in [56] .
µ Decay and G F
The value of the VEV in the SM is obtained from the measurement of G F in µ decay, µ − → e − +ν e + ν µ . The terms in the LEFT Lagrangian which contribute to µ decay are While m e /m µ is the ratio of two low-energy scales, numerically m e /m µ ∼ 1/200, and the interference term can also be dropped. Thus, the µ decay rate is obtained from the left-handed current operator. Comparing with the usual Fermi theory gives
The coefficients L V,LL and L V,LR are evolved down to µ = m µ using the RGE given in Ref. [22] . The only contributions to the RGEs of L V,LL and L V,LR are from penguin and box graphs, and they vanish for the off-diagonal terms needed, so the coefficients at µ = m µ are the same as those at µ = M Z . Thus, Eq. (6.2) with the r.h.s. evaluated at µ = M Z is fixed by G F . Tree-level matching of the LEFT Lagrangian to the SMEFT gives
evaluated at µ = M Z , and is fixed by the experimentally measured µ decay. The τ → ν τ ℓν ℓ , ℓ = e, µ rate depends on the linear combination in Eq. (6.4) with the subscripts µ → τ and e → ℓ, which we denote by G F (τ → ℓ). Precision tests on lepton universality in τ decay (for a review, see Ref. [57] ) give
There is a small (but not significant) deviation from unity in
. The precision of 0.001 in the ratios Eq. (6.5) means that they are sensitive to new physics scales of order 7 TeV.
b → cτ ν Decays
There are possible deviations from the SM in B semileptonic decay ratios [58] [59] [60] 6) where ℓ = e, µ. The semileptonic B decay rates are roughly equal to their SM values, so we will assume that the LEFT coefficients have only small deviations from SM values, and the deviations arise from interference with the SM amplitude. The terms in the LEFT Lagrangian that contribute to semileptonic b → c decays are
where we have used L X r ≡ L X νedu rrbc to simplify the notation, and switched to the quark masseigenstate basis, as discussed in Sec. 2.2.
In the SMEFT at µ = M Z , one obtains the coefficients Normalizing to G F in Eq (6.4), we see that the two terms that contribute to the semileptonic b decay amplitudes in SMEFT are
Note that in SMEFT to order by about 2% and 1% respectively between M Z and m b . The ratio of the coefficients for τ and ℓ = e, µ is
lq ℓℓic (6.11) and the RGE factor cancels in the ratio. The R D,D * anomalies are usually assumed to arise from deviations in the τ decay rate from the SM values, with ℓ = e, µ rates close to their SM values. In the SMEFT, a simple way to do this is to have SMEFT coefficients for ℓ = e, µ be small, and
(6.12)
LHCb has also measured anomalies in B → K * ℓ + ℓ − and B → Kℓ + ℓ − decays [61, 62],
− 0.07 (stat) ± 0.03 (syst) for 0.045 < q 2 < 1.1 GeV 2 , 0.69
− 0.07 (stat) ± 0.05 (syst) for 1.1 < q 2 < 6.0 GeV 2 .
(6.13)
Most explanations of these anomalies have focused on new physics contributions to the electromagnetic and semileptonic operators in the b → s weak Hamiltonian [39] . The relevant terms in the LEFT Lagrangian are 14) where, to simplify the notation, we use
In addition to the operators shown explicitly in Eq. (6.14), there are also four-quark operators O 1 − O 6 and the b → s chromomagnetic operator O 8 that mix with the above operators under RGE, and are included in the usual analysis of B decay. Our operator basis for LEFT is in terms of fields with definite chiral properties. Traditionally, in weak decays, a basis of operators with definite parity has been used (i.e. scalar, pseudoscalar, etc.). The conversion to the basis used in Ref. [39] is
(6.17)
Matching at tree-level from the SMEFT at µ = M Z gives
Assuming that all BSM physics is via the SMEFT, i.e. it respects the SM electroweak symmetry-breaking mechanism, Eq. (6.18) leads to the relations c
′T,RR ℓ = 0, which are equivalent to the relations found in Ref. [39] ,
To obtain R K,K * = 1 requires a violation of e−µ universality in b → sℓ + ℓ − decays. The operators O 1 − O 6 and O 8 do not involve leptons, but can generate the operators involving leptons in Eq. (6.14) via RGE. This contribution is the same for all lepton flavors since the operators and anomalous dimensions are flavor blind. Similarly, the contributions of the photon penguin operators c 7 and c ′ 7 cancel in R K,K * , since the photon coupling to leptons is flavor blind. Flavor-dependent gauge couplings due to Higgs operators, such as those in Eq. (2.30) for the W and Z, do not exist for the photon.
The other operators in Eq. (6.14) can depend on lepton flavor and contribute to R K,K * − 1 by an amount proportional to the difference of the operators for µ and e. The RGE for the leptonic operators c V,LL ℓ , etc. is rather involved and contains mixing via four-quark operators through penguin diagrams, as well as non-linear terms involving squares of dipole coefficients [22] . However, these cancel in the RGE for the differences between µ and e, which reduce to the simple forṁ where c X ∆ ≡ c X µ − c X e , and the primed coefficients have the same RGE as the unprimed ones. Using c X ∆ for computing lepton universality violation is valid as long as the RG correction is treated in perturbation theory. A more accurate analysis requires the full RGE for c X µ and c X e separately [22] , which are considerably more complicated. The LEFT RGE is non-linear, and dimension-six operator coefficients have terms that depend on the square of dimension-five dipole coefficients. The non-linear dipole term in Eq. (6.20) depends on the e and µ dipole operators, which are strongly constrained by the electric and magnetic moments of the electron and muon [63] [64] [65] [66] [67] ,
and so the non-linear terms are negligible. In Eq. (6.21), we have used the experimental uncertainty on muon g − 2 as the limit on Re Leγ The Lagrangian coefficients at µ = m b are related to those at 
The electromagnetic correction is 7% from the 32e 2 term in Eq. (6.20). The inclusive b → sℓ + ℓ − decay rate is quadratic in the coefficients appearing in Eq. (6.14). The dipole and vector operators produce leptons of the same chirality, whereas the scalar and tensor operators produce leptons of opposite chirality. The interference terms between the two are helicity suppressed by m ℓ /m b , and can be neglected. Since the scalar and tensor operators have no SM contribution, they only contribute quadratically (i.e. at order v 4 /Λ 4 ) to the rate, and can be neglected.
The most likely way to obtain the R K,K * ratios Eq. (6.13) is through lepton universality violation in the coefficients c V,LL , c V,RR , c V,LR , c ′V,LR . B → K decays depend on the hadronic matrix elements of (sγ µ b) and (sσ µν b), whereas B → K * decays depend on these, as well as the matrix elements of (sγ µ γ 5 b). Note that (sσ µν γ 5 b) = −(i/2)ǫ µναβ (sσ αβ b), and is not an independent operator. The general matrix elements can be obtained from the results of Ref. [69] . A global fit to B-decay experiments [39] indicates that the simplest explanation for R K * is due to a deviation in the direction δC 9 = −δC 10 from the SM values for the Wilson coefficients, i.e. c V,LL ∆ = 0 is the source of the discrepancy in R K * , with δC 9 + δC 10 ≈ 1. Furthermore, Ref. [39] also concludes that explaining R K in Eq. (6.13) requires non-zero c
. The lepton universality-violating coefficients needed in Ref. [39] to explain the R K,K * anomalies only have small electromagnetic running as given in Eq. (6.22) , so the results of Ref. [39] at µ = m b can be taken to be unchanged at µ = M Z .
Conclusions
In this paper, we have classified all the operators up to dimension six that can appear in an SU (3) × U (1) Q invariant low-energy effective field theory Lagrangian below the electroweak scale to order G F ∼ 1/v 2 , and we have constructed a complete operator basis for this lowenergy EFT up to dimension six. The LEFT Lagrangian contains 70 Hermitian operators of dimension five, and 3631 Hermitian operators of dimension six that do not violate baryon or lepton number, as well as baryon-and lepton-number-violating operators. At dimension three, LEFT contains ∆L = ±2 Majorana-neutrino mass operators, and at dimension five, it contains ∆L = ±2 Majorana-neutrino dipole operators. At dimension six, there are numerous additional LEFT operators: there are ∆L = ±4, ∆L = ±2, ∆B = ∆L = ±1 and ∆B = −∆L = ±1 operator sectors.
The tree-level matching to the LEFT operator basis at the electroweak scale has been computed from SMEFT up to dimension six operators in this paper. The complete oneloop RGE of the LEFT Lagrangian is computed in a companion paper [22] . While parts of the RGE for flavor-violating processes are known to higher order [15] , our calculation gives the complete renormalization of the entire set of LEFT operators up to dimension six, including non-linear terms and including corrections to the RGE of the QCD and QED gauge couplings and fermion masses due to higher-dimension operators in LEFT. The RGE results presented in [22] show that some contributions to four-fermion operator coefficients that are quadratic in dimension-five coefficients come with large numerical prefactors of 96 or 192. These terms contribute e.g. to processes that change flavor by two units, such as K-K mixing or τ − → µ + e − e − . Phenomenological implications of these terms will be the subject of further study.
The results obtained here together with the one-loop RGE in LEFT [22] , combined with previous results on SMEFT [3, 7, [17] [18] [19] , allow one to compute the low-energy Lagrangian starting from the SMEFT at a scale Λ far above the electroweak scale to leading-log order, i.e. using tree-level matching and one-loop running. The low-energy Lagrangian then can be used to compute experimental observables without large logarithms, e.g. by using µ = m b to compute B decays, etc.
Determining LEFT parameters from low-energy experimental data provides a modelindependent way to constrain BSM physics via low-energy observables. Observables measured above the electroweak scale can be used to constrain the parameters of SMEFT. By comparing these determinations of LEFT and SMEFT parameters with the matching relations between the two theories, one can test whether the SMEFT is a good description of physics below the TeV scale. SMEFT assumes that electroweak gauge symmetry is broken by a single fundamental Higgs doublet that acquires a vacuum expectation value. Consistency of the SMEFT and LEFT parameters thus tests whether the electroweak gauge symmetry breaking mechanism of the SM and SMEFT is correct. Table 7 . The operators for LEFT of dimension three, five, and six that conserve baryon and lepton number, and the dimension-three and dimension-five ∆L = ±2 operators. The dimension-three ∆L = 2 operator O ν is the Majorana-neutrino mass operator, while the dimension-five ∆L = 2 operator O νγ is the Majorana-neutrino dipole operator. There are 5 additional dimension-five dipole operators (LR)X. The 80 dimension-six operators consist of 2 pure gauge operators X Table 8 . The LEFT dimension-six four-fermion operators that violate baryon and/or lepton number. All operators have Hermitian conjugates. The operator superscripts V , S, T refer to products of vector, scalar, and tensor fermion bilinears, and the additional two labels L or R refer to the chiral projectors in the bilinears. The subscripts p, r, s, t are weak-eigenstate indices.
C Matching Conditions
This appendix gives the number of operators of each Lorentz type, broken up into leptonic, semileptonic, and nonleptonic categories, and the tree-level matching conditions in SMEFT up to dimension six. Table 22 gives the number of CP -even and CP -odd operators.
∆L = 2
νν + h.c. Table 9 . Dimension-three ∆L = 2 Majorana neutrino mass operators in LEFT. There are also Hermitian conjugate ∆L = −2 operators O † ν , as indicated in the table heading. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , and the third column is the number in the SM LEFT with n ν = 3. The last column is the tree-level matching coefficient in SMEFT.
(νν)X + h.c.
Number SM Matching
O νγ 1 2 n ν (n ν − 1) 3 0 Table 10 . Dimension-five ∆L = 2 Majorana neutrino dipole operators in LEFT. There are also Hermitian conjugate ∆L = −2 operators O † νγ , as indicated in the table heading. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , and the third column is number in the SM LEFT with n ν = 3. The last column is the tree-level matching coefficient in SMEFT, which vanishes.
(LR)X + h.c.
Leptonic Table 11 . Dimension-five (LR)X dipole operators in LEFT. There are also Hermitian conjugate dipole operators (RL)X, as indicated in the table heading. The operators are divided into the leptonic and nonleptonic operators. The second column is the number of operators for an arbitrary number of charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n e = 3, n u = 2 and n d = 3. The last column is the tree-level matching coefficient in SMEFT.s andc are defined in Eq. (2.23).
Number SM Matching Table 12 . Dimension-six triple-gauge-boson operators in LEFT. The tree-level matching coefficient of each operator is equal to the coefficient of the corresponding operator in SMEFT.
(LL)(LL) Hermitian. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT.
(RR)(RR) Table 14 . Dimension-six four-fermion operators: two right-handed currents in LEFT. The (RR)(RR) operators are divided into leptonic, semileptonic, and nonleptonic operators. The second column is the number of operators for an arbitrary number of charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT.
(LL)(RR) all come with additional Hermitian conjugate operators. All other operators are Hermitian. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT. Table 16 . Dimension-six four-fermion operators: (LR)(RL) scalar bilinears in LEFT. There are also Hermitian conjugate operators, as indicated in the table heading. All of the operators are semileptonic operators. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT.
(LR)(LR) + h.c. Table 17 . Dimension-six four-fermion operators: (LR)(LR) scalar and tensor bilinears in LEFT. There are also Hermitian conjugate operators, as indicated in the table heading. The operators are divided into leptonic, semileptonic, and nonleptonic operators. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT. Table 19 . Dimension-six ∆L = 2 operators in LEFT. There are also Hermitian conjugate operators, as indicated in the table heading. The operators are divided into leptonic and semileptonic operators. The second column is the number of operators for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and the third column is the number in the SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The last column is the tree-level matching coefficient in SMEFT. Table 22 . Number of operators in LEFT at dimensions three, five, and six, divided into CP -even and CP -odd operators. The number of operators is given for an arbitrary number of neutrino flavors n ν , charged lepton flavors n e , u-type quark flavors n u , and d-type quark flavors n d , and for the case of SM LEFT with n ν = 3, n e = 3, n u = 2, and n d = 3. The LEFT operators in each category are given explicitly in Tables 9-21. 
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